PUZZLES OF QUASI-FINITE TYPE, ZETA FUNCTIONS 
AND SYMBOLIC DYNAMICS FOR MULTI-DIMENSIONAL 

MAPS 



In what sense(s) can a dynamical system be "complex" and what is the interplay 
between this complexity and the more classical dynamical properties? A very large 
body of works has been devoted to this basic question, especially to prove various 
forms of complexity from dynamical assumptions. We are interested in reversing this 
direction: 
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1. Introduction 



What are the dynamical consequences of complexity? 
Can complexity characterize a dynamical system? 
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This type of question has been studied mainly in low-complexity settings (see, 
e.g., [I] and the references therein). We have shown, first in a smooth setting, that 
a high-complexity assumption (which we called entropy-expansion) also has very 
thorough dynamical implications A remarkable feature is that this condition, 
which involves only so-called dimensional entropies, is enough to analyze measures 
of maximum entropy and the related periodic points. We are even able to classify 
such systems with respect to all their ergodic and invariant measures of high entropy. 
Thus complexity can be analyzed using only (simple) complexity assumptions. 

The proofs in |9] mix both combinatorial/entropic arguments and geometric ones 
involving Lyapunov exponents, the smoothness and the ensuing approximations by 
polynomials, raising the question of separating completely both issues. In we 
achieved this separation for, e.g., subshifts of finite type, piecewise monotonic interval 
maps with nonzero entropy, and multidimensional /^-transformations giving a common 
proof to their common "complexity" properties. However the estimate required by 
seems tractable only when cylinders are connected, preventing until now the ap- 
plication of these constructions to multi-dimensional, non-linear, entropy-expanding 
maps. 

The present paper overcomes this obstacle (see the remark after Prop. 18. ip by in- 
troducing a suitable type of symbolic dynamics which we call puzzles of quasi-finite 
type -these are puzzles in the sense of Yoccoz' construction in complex dynamics. 
In comparison with our work in [9] we have to make an additional, probably generic, 
assumption, but we also obtain more detailed information about the periodic points. 

The puzzle of quasi-finite type are the generalization of the subshifts of quasi-finite 
type jilj needed for multi-dimensional, non- linear maps (see the end of section II. 3[) . 
We generalize to these puzzles all the results obtained for subshifts: 

— existence of a finite number of ergodic probability measures maximizing the 
entropy; 

— meromorphic extension of (suitably defined) Artin-Mazur zeta functions count- 
ing the periodic points; 

— equidistribution of the periodic points; 

— classification with respect to measure of large entropy. 

The meromorphic extension is deduced from a new, similar result about Markov shifts 
(Theorem!!]) relating the radius of meromorphy of some zeta functions of Markov shifts 
to their entropy at infinity (see Definition I l.lOp . This is of independent interest. 

1.1. Definitions. — We recall the notion of a puzzle due to Yoccoz [27j (closely 
related are the tableaux of Branner and Hubbard). 

Definition 1.1. — A puzzle is {V,i,f) (or just V), a set of pieces V — U„>oKi (a 
disjoint union of finite sets) and two maps i, f : V \ Vo V satisfying: 

— Vq has a single element; 

— i° f ^ f °i; 

— i{Vn+i) C Vn; 

— fiVn + l) C Va. 

The order of a piece v is \v\, the unique integer n such that v Vn- 
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The above combinatorial data defines a topological dynamics as follows: 
Definition 1.2. — A puzzle (V,i,f) defines the dynamics Fy : Xy Xy: 
Xy = {w e Vb X Vi X • • • : Vn > = u„} 

Fy : {Vn)n>0 I > (/(Wn+l))n>0- 

1.2. Some examples. — For v G V, we denote by \v\ the unique integer n such 
that V ^Vn- It is the order of v. 

Suhshifts are Puzzles. — Let a : S]_|_ — > be an arbitrary one-sided subshift (i.e., a 
closed shift-invariant subset of for some finite set A, the shift being a : (A„)„>o ^ 
{An+{)n>o)- We are going to define a puzzle V such that the dynamics Fy associated 
to V is topologically conjugate to this subshift 

For each n > 0, let Vn be the set of words of length n that appear in S+, i.e., 
sequences xq . . . Xn-i such that yi+k — Xi for i — 0, . . . , n — 1 for some y € X (by 
convention, Vq — {0} where is the empty word). Define the two maps i and / by: 

i{Ai . . .An) = Ai . . . An-i rightmost delete 
f{Ai . . . An) ^ Ai. ..An leftmost delete. 

The conjugacy /i : ^ E+ is given by h[{Ai . . . A„)„>o) = (A„+i)„>o. 

From dynamics to puzzles. — Let T : M — s- M be a self-map. Let Vq — {M}, 1^1,1^2 ■. . 
be a sequence of finite partitions of M satisfying 

Vn < Vn+l and T-'Pn ^ Vn+l 

(where V < Q means that V is less fine than Q: each element of 7-" is a union of 
elements of Q; also T'^P := {p-^A : A e P}). 

This data defines a puzzle as follows. Let V be the disjoint union of Vn — Vn, 
n > 0. Let i{v) = w if w is the element of Vn containing v G Vn+i- Let f{v) = w ii 
w is the element of Vn containing P{v) for v G Vn+i- The above assumptions ensure 
that this is a well-defined puzzle. 

Let us give several examples of this construction. 

• Let V be some finite partition and let Vn = V \J P^^V V • • ■ V p-'^+^V. The 
corresponding puzzle is topologically conjugate to the usual symbolic dynamics, i.e., 
the left shift, a : (A„)„>o ^ (A„+i)„>o acting on: 

(1) {AeV^ ■.3xc, M Vn > P'^x e An] C V^. 

• Let V be some finite partition and let Vn be the set of connected components of the 
elements of P V P'^V V • • • V T~"^^V. This is the form used in complex dynamics 

• The following is easy but important: 

Fact 1.3. — Any continuous map P on a Cantor set K can he realized, up to topo- 
logical conjugacy, as a puzzle, that is, there exist a puzzle V and a homeomorphism 
(f) : Xy — > K with <j) o Fy = P o <j). 
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Proof: Let Q„, n > 1, be a sequence of partitions of K into closed-open sets with 
diameters going to zero. Let Vn+i = Qn+i V T'n V T^^P„. It is then easy to see that 
the dynamics of the puzzle thus defined is conjugate to that of T. □ 

Thus, the dynamics of puzzles are even more diverse than that of subshifts. For 
instance, they can have infinite entropy or be without measures of maximum entropy. 
To get a tractable class we shall assume some form of "simplicity" . 

1.3. Notions of simplicity. — We restrict ourselves to puzzles that are defined 
by "few constraints" (and this will include subshifts of finite type as the special case 
of finitely many "constraints" ) . The following choice of a notion of "simplicity" turns 
out to allow a detailed analysis and more precisely enforces a close similarity to the 
classical properties of subshifts of finite type. 

A notion of constraint: irreducibility. — Let the i-tree below v d V he the directed 
graph 7i{v) whose vertices are the w € V such that 

:— i o ■ y o i {w) — V 

nfactors 

for some n > and whose edges are u ^ u' iS u' = i{u). 

Definition 1.4- — A piece v € V^\Vo is /-reducible if the two following conditions 
hold: 

(Rl) / : 7i(v) %{f{v)) is a graph isomorphism; 

(R2) there is no w ^ v such that i{w) — i{v), f{w) — f{v) and (Rl) holds also for 
w. 

Otherwise, v is said to be /-irreducible. 

Notations, v w means that v is f -reducible and w = f{v). For k > 1, v w 
is defined inductively as v f(v) and f(v) "'^ w (by convention v ^'j v for any 
V (iV). Finally u>fW means that u w for some k>l. 

Remark. Property (Rl) was introduced by Yoccoz under the name of "regularity" . It 
is equivalent to the following dynamical property (here [v]v '■= {x S Xy ■ x\y\ — v}): 

Fy : [v]y — > [/(w)]y is a bijection. 

In the setting of complex dynamics, failure of (Rl) is equivalent to containing critical 
points and is called criticality -see [5] . 

Condition (R2) seems new. It is often a consequence of (Rl) -this is the case, if, 
for instance, the restrictions -FV|[i;]y, v gV, are one-to-one. 

Remark. In the case where the puzzle is given by a subshift as in section fTT^ condition 
(R2) of Definition 1 1.41 is automatically satisfied (indeed, f{v) ~ fiw) and i{v) — i{w) 
imply V — vu) and condition (Rl) is equivalent to the notion of a minimum left 
constraint introduced for subshifts E in 11 : it is a finite word U!_„ . . .wq such that: 

{x^xi ■ • ■ : a; e S s.t. a;_„ . . .xq — w_„ . . . Wq} 

C {xqXi • • ■ : a; e S s.t. X-n+i . . . a;o = W-n+i . . . ^o}- 
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One can understand the /-irreducible pieces as describing the constraints in Xy- 
The /-reducibihty of some v implies that the possible i-extensions of v are the same 
as those of f{v). This is a sort of "local Markov property". For instance, if all pieces 
are reducible then Xy = . A slightly less extreme example of this phenomenon is 
the following Lemma proved in section [2. II 

Lemma 1.5. — If a puzzle V has only finitely many f -irreducible vertices, then Xy 
is (topologically conjugate to) a subshift of finite type, i.e., a subshift o/ {1, 2, rf}'*' 
for some d > 1, obtained by excluding a finite number of finite sequences [39] . 

More generally, one can expect puzzles with few /-irreducible vertices to be "sim- 
ple" . The definition below formalizes this idea. 

Entropy on the puzzle. — The puzzle V will be equipped with the following combi- 
natorial distance: for v ^ w, 

dv{v,w) = 2-" if n = max{0 < fc < min(|u|, |w|) : = 

Note that dv{i{v),i{w)) < 2dv{v,w) and dv{fiv),f{w)) < 2dv{v,w). 
The corresponding metric on Xy is 

dv{x,y) :— sup ?;„) — 2^" such that n = min{fc > : Xk ^ yk} or oo. 

n>0 

Together with /, this induces a notion of Bowen balls in V: for w e e > 0, 
n G N, the (e, n)-ball around v is 

B{v,e,n) := {w eV -.yO <k < min(n, \w\) dv{f''w,f^v) < e}. 

The covering number r(e, n, S) is the minimum number of (e, 7i)-balls needed to 
cover S C V. We define the topological entropy of a sequence S of subsets 
(ZVn, n> 1, as: 

htop{S) = limlimsup-logr(e,7i,S'„). 

We recall first Bowen-Dinaburg formula for the topological entropy. The (e,n)- 
Bowen ball at x w.r.t. Fy (and a distance d on Xy), is B{x, e, n) :— {y G Xy -.yk < n 
d{FyX, Fyy) < e}. The topological entropy [3 9) is 

htopiFy) := lim /itop(-Fy, e) with htopiFy,e) = limsup - logr(e, n, Xy) 

e— n^oo n 

where r{e,n,S) is the minimum number of (e,7i)-balls necessary to cover S. We 
sometimes write htop{V) instead of htop{Fy). 

Let ^ be a probability measure /i on Xy which is ergodic and invariant under 
Fy. The Kolmogorov-Sinai entropy of {Fy, fi) can be defined as follows, according to 
Katok (we again refer to [39) for background): 

h{Fy,ii) :— \im h{Fy , fi, e) with h{Fy,^,e) = limsup — logr(e, n, /i) 

where r(e, n, /i) is the minimum number of (e, ?i)-balls whose union has /i-measure at 
least 1/2 (it can be proved that 1/2 can be replaced with any number in (0, 1) without 
affecting h{Fy,y)). 
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Constraint entropy. — We now state our main condition on the complexity of puzzles 
Definition 1.6. — The constraint entropy of a puzzle V = {V,i, f ) is: 

hciV) /itop((C„)„>i) 

where Cn is the set of irreducible pieces of order n. 

The puzzle V is 0/ *-quasi-finite type (or, for short, *-QFT ) if it satisfies: 

hc{V) < hopiV). 

This notion is essentially unrelated to that of subshifts of weakly quasi-finite type 
defined in [llj . 

W-Local entropy. — *-QFT puzzles can still present complexity at arbitrarily small 
scales. For example one can build *-QFT puzzles which are the union of sequences 
of subshifts of finite type with equal or increasing entropy so that they have either 
infinitely many or no ergodic invariant probability of maximum entropy — see section 

[Ml 

Our second restriction prevents these phenomena. 

Definition 1.7. — V being a *-QFT puzzle, the W-local entropy ofV is the defect 
in uniformity of h{Fv , ^i) = \\m^^Qh{Fv , over large entropy measures (that is, 
ergodic invariant probability measures with entropy close to the supremum): 

/iwioc(V^) := inf sup h{Fv,^J.) - h{Fv,fi,e) 

where /i ranges over the ergodic invariant probability measures on Xy with entropy 
> hciV). 

Remark. 

Obviously, /iwioc(^) < ^ioc(^V), the local entropy (introduced by Misiurewicz 30 ) 
under the name topological conditional entropy) which bounds this defect in unifor- 
mity over all measures. In particular, /iwioc(^) = if Fy is expansive, e.g., a subshift. 

Definition 1.8. — A QFT puzzle (or just QFT ) is a puzzle (V,i,f) which satis- 
fies: 

hc{V) + h^iociV) <ht,p{V). 

The notions of QFT and *-QFT puzzles can be readily generalized in the follow- 
ing fashion (adding new examples — as this already happens for subshifts, see 
Observe that if {V, i, /) is a puzzle, then so is: (V*, i* , f*) with V* = V , i* = f and 
/* = i. {y* ,i* , /*) is called the dual puzzle. The dynamics of a puzzle and its dual 
are closely related. Hence one could formally extends our theorems by assuming that 
their assumptions hold either for the puzzle or for its dual (see Sec. 13. 2p . 
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Determinacy. — The analysis of periodic points uses a further assumption. We state 
it in terms of the projections, for N = 1,2, ... , 



iN-.V^ \JVk, 



fe<JV 

i]\r extends to a map ijv '■ Xy I Ufc<Ar ^k) in a natural way: 

(2) iNix)=y ^ Vfc > yk - fix^+k). 

Definition 1.9. — A puzzle V is determined if: 

u,v ^J- w and ii{u) = ii{v) =^ u — v. 

Remarks. 

(1) Many puzzles are determined, including: those defined by subshifts and those 
defined as in Section 11.21 under the extra assumptions: (i) T is one-to-one on the 
closure of each element of P; (ii) for each x £ M, lim„^oo diam(7'"(x)) = where 
V'^{x) is the unique element (if it exists) of that contains x. 

(2) There exist determined puzzles whose duals are not determined. 

QFT subshifts are determined QFT puzzles. — Let {o',X) be an arbitrary QFT sub- 
shift. Let V be the puzzle defined by X as in section 11.21 As remarked above, V 
is determined. Also, subshifts being expansive, h{a, fi) = /i(cr, /i, ep) for some eo > 
depending only on the choice of the metric, not on fi, so the W-local entropy is zero. 
As remarked after Definition 11.41 the irreducible pieces of V can be identified with 
the minimum left constraints of X. Hence the constraint entropies of the puzzle V 
and of the subshift X are the same. Thus 

hciV) + '^wloc 

(V) = hc{X) < /itop(^) = htopiV), 

proving the claim. 

1.4. Structure Theorem. — Let us first recall the notion of entropy-conjugacy 
from [6 . 

Let T : X ^ X he a Borel map. Let h{T) be the supremum of the entropy of 
all T-invariant probability measures. Recall that if X is compact and T continuous 
then h{T) is just the topological entropy by the variational principle |39) . A subset 
Xq C X is entropy-negligible if it is Borel and satisfies: 

h{T,Xo) := sup{/i(T,/x) : /it ergodic with n{Xo) > 0} < h{T), 

that is, Xq is negligible in the usual sense for all large entropy measures, i.e., invariant 
and ergodic probability measures with entropy close to h{T). 



Two Borel maps T : X ^ X and S : Y ^ Y arc entropy-conjugatqWj jf 
there exist entropy-negligible subsets Xo C X and Yq C F and a Borel isomorphism 
: X \ ^ Y \ Yq with 5* o T = 5 o v[/. The constant of this isomorphism is 
m&yi{h{T,Xo),h{S,Yf))). 



(^)The name entropy-conjugacy was introduced by Bowen 4 for a similar notion: topological con- 
jugacy after discarding subsets having small dimension-like entropy. 



8 



Jerome Buzzi 



Recall also that a Markov shift (see [Tf] and also [131 [24l [26l [34l[35l [36] . for 

background) is the set S(G) of all bi-infinite paths on a countable or finite directed 
graph G together with the left-shift <j: 

i;(G) {x e : Vrt G Z Xn+i on G} and o-((a;„)„gz) = (a;„+i)„gz- 

The Markov shifts defined by finite graphs are the classical subshifts of finite type (of 
order 1) — see |25| for an introduction to this rich classical theory. 

S](G) is irreducible if it contains a dense orbit (equivalently G is strongly con- 
nected). Any Markov shift has a spectral decomposition as a union of countably many 
irreducible Markov subshifts (up to wandering orbits). The period of a subset U of 
E(G) is the greatest common divisor of all A: > 1 such that a^U fl ?7 7^ 0. The period 
of S(G) is the largest period of all non-empty open subsets of S(G). 

A Markov shift is not compact unless it is a subshift of finite type. Its topological 
entropy is therefore defined as explained above for a general Borel system. Gurevic 
|15j proved that in the irreducible case this entropy is just, for any (a, h) S G^: 



h{G) := h{T.{G)) = limsup - log#{w e G" : wi = a, wi ^ U2 -> . . . v,, = h). 



An irreducible Markov shift is said to be SPR (for stably positively recurrent [17) — 
also called strongly positively recurrent [37p if it admits an entropy-maximizing prob- 
ability measure /x which is exponentially filling, i.e., for any non-empty open subset 



Such Markov shifts are closest to being of finite type by a number of results (see, e.g., 
Gurevic [16j, Sarig [35j . Gurevic-Savchenko '17] among others). 

In Sec. 14.11 we shall associate to any puzzle a Markov shift S(I') defined by 
the adaptation to puzzles of the "complete" Hofbauer diagram developed in [6] for 
subshiftsE!3 

Finally recall that the natural extension of a map T : X X in the "smallest" 
extension that is invertible, i.e., \i \s T : X ^ X with X := {x £ X"^ : Vn G Z 
T{xn) = Xn+i} and T((a;„)„gz) = (rx„)„gz. 

We may now state our key structure theorem: 

Theorem 1 (Main Result). — Let V he a puzzle. Let V he its complete Markov 
diagram, defined in Sec. helow. 

(1) IfV is *-QFT , the natural extension oj the dynamics ofV is entropy- conjugate 
with constant at most hc{V) to the Markov shift S(I'). 

(2) IfV is QFT , then, for every H > ft.c(^) + ^wioc(^); the spectral decomposition 
of S(I?) contains only finitely many irreducible Markov shifts with entropy > H. 



'■^^This "complete" variant essentially removes "accidental" identifications, i.e., of the type T{A) = 
T(B) where A and B are distinct elements of the partition whereas T(A) = T(B) does not belong to 
that partition. This variant is necessary for the precise counting of periodic orbits as we explained 
in (it also simplifies the proof of the partial isomorphism, see Section |4jl. 
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Moreover these Markov shifts are SPR. More precisely their entropies at infinity (see 
Definition ] 1.10\ below) are at most hc{V) + h^iodV). 

(3) If V is both QFT and determined then, for any e > 0, there are an integer N 
and a finite part C T) such that the following property holds. 

There is a period-preserving bijection between the periodic loops on V that meet 
T>^ and the periodic orbits of iiq{Xv) after discarding a number p^ of the n-periodic 
orbits of iN(Xv) satisfying: 

limsup - logp° < hc{V) + ft.wioc(^) + e. 

n — >oc n 

The proof of this theorem is presented in Sections [4] and O 
1.5. Dynamical consequences. — 

1.5.1. Maximum measures. — The Structure Theorem gives the foUowing, using 
Gurevic's result on maximum measures for Markov shifts. Recall that a Bernoulli 
scheme is the shift a acting on the set of sequences {!,..., s}^ (s a positive integer) 
endowed with the invariant and ergodic probability measure /i defined by: 

li{{a : ao . . . Qffe = flo . . . flfc}) = p{an) ■ ■ -Pian) 

where ■ ■ • ,p{s)) is a probability vector. A finite extension is the product (X, a) 

with a permutation on a finite set. 

For the sake of brevity, a maximum measure will be any ergodic, invariant 
probability measure with maximum entropy. 

Theorem 2 (Maximum Measures). — A QFT puzzle has at least one and at 
most finitely many maximum measure. 

More precisely, those are in bijection with the SPR Markov subshifts with maxi- 
mum entropy and the natural extensions of these measures are measure-preservingly 
isomorphic to finite extensions of Bernoulli schemes, 

Moreover, the periods of the (cyclic permutations of the) measures and those of the 
irreducible subshifts coincide. 

This follows from the Structure Theorem and Gurevic results for Markov shifts, as 
explained in Section [7.11 

Remark. The proof that the QFT condition implies the existence of a maximum 
measure is closely related to a joint work [12] with S. Ruette. 

1.5.2. Zeta functions. — We turn to the numbers of periodic points. 

Theorem 3 (Zeta Functions). — Assume that V is a QFT puzzle which is also 
determined. Fix a large integer N and consider the reduced zeta function: 

Cn{z) ■■= exp V — #{a; e iNiXy) : cr"(a;) = x}. 
^ — ' n 

n>l 
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Cat is holomorphic on \z\ < e ''top(^) and has a meromorphic extension to \z\ < 
g-/ic(v)-/i„ioc(i^) ^ Jig singularities near the circle \z\ = e^'^topiV) ^^.^ exactly poles at 

g2i7rfcMg-ht„p(y) i = i^,,,^r fc = 0,...,p, -1 

('wii/i multiplicities equal to repetitions in this list) where pi, . . . ,Pr are the periods of 
the distinct maximum measures /ii, . . . , /i^- 

Moreover, for each e> 0, the poles of (^]y{z) in \z\ < e^'''^(^'^''"i°=(^)~'^ are inde- 
pendent of N : for N' , N > N(V,e), C,m'{z) / Qn{z) extends to a holomorphic function 
on this disk. 

This is, technically, the most delicate result as we have to go from entropy estimates 
(which confuses very close points) to counting (this is of course why the determinacy 
assumption is required) — see Section [721 

Remark. 

1. In contrast to [llj . the lower-bound on the meroniorphy radius will be obtained 
using a new result about general Markov shifts. 

2. Counting the projections at level N of periodic points instead of the periodic 
points themselves is necessary as it not even true that fj^{x E Xy : cr"(a;) — x} < oo 
for any determined QFT puzzle — see Section [^751 

1.5.3. Semi-local zeta functions for SPR Markov shifts. — The proof of Theorem [3] 
relies on a similar (and new) result for SPR Markov shifts. First, define the "entropy 
at infinity" : 

Definition 1.10. — Let G he a countable, oriented, irreducible graph. The entropy 
at infinity of G is: 

(3) hoo{G) = inf inf sup {/i((t, ^) : ^([i^]) < ^o} 

FCCG Mo>0 

where F ranges over the finite subgraphs of G and [F] :— {x G S(G) : Xq G F}. 

Remarks. (1) /loo(G) = — cxd if G is finite. 

(2) H C G implies that hoo(H) < hoo{G) as both are infimum over /io > 
and F CC G of sup{h{a, ^) : fi{[F]) < /iq} and sup{h{a, fi) : f^{[F]) < fiQ and 
fi{[G \ H]) ~ 0}, respectively. 

(3) This definition was motivated by the observation of Ruette [34] that the combi- 
natorial quantities considered by Gurevic and Zargaryan [18j were related to entropy 
at infinity. In particular, /loo(G) < h{G) iff G is SPR (see Proposition (23]) . 



Theorem 4- — Let S(G') be an irreducible Markov shift with finite Gurevic entropy 
h(G). For any finite subset F CC G, the semi-local zeta function of G at F: 

n 

C^{z) :=expy — #{x e I](G) : (7"(x) = a; and {xq, . . . ,Xn-i} n F ^ 

n>l 

is holomorphic on \z\ < e"'*'-'^-' and has a meromorphic extension to \z\ < 6^''°°^^'. 
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Moreover, for every e > 0, there exists Fq CZ G such that, if F, F' are two finite 
subsets with Fq d F, F' CC G, then 

^r, , . is holomorphic and non-zero on \z\ < e^'''°=*^'^''*"'^-'. 

Remarks. 

(0) Notice that the semi-local zeta functions at a single vertex coincide with the 
local zeta functions of [17] but differ from those of [36j (which have usually a non- 
polar singularity at z = e"''^'^^ so has no meromorphic extension). 

(1) This result is new. In fact, even the case of where F is reduced to a single 
vertex had not been observed to our knowledge. 

(2) The theorem is trivial if /loo(G') = h{G), that is, if G is not SPR (see Proposition 
16. ip . In the opposite extreme, for subshifts of finite type, i.e., G finite, this asserts 
that (p extends meromorphically over C. Of course, in this case ~ ^'^/^'^\^ 
in terms of the classical Artin-Mazur zeta functions so the semi-local zeta function 
extends in fact meromorphically over the Riemann sphere, i.e., is a rational function. 

(3) The conclusion of Theorem 2] is false for the full zeta function (i.e., C*^)- C'^ 
is not always defined as a formal series and, even if it is, can have zero radius of 
convergence or it can have various types of singularities (see [171 Example 9.7]). 

(4) For two finite subsets F, H, Qp{z)/C,^{z) is meromorphic over \z\ < exp — /loo(G) 
but it is not necessarily holomorphic and non-zero. If G„ is the complete oriented 
graph on {l,2,...,n}, we have hiG^) = log3, h^{G3) = -00, C'^'(^) = CE^i^) = 
1/(1 - 3z) and Cfo}(^) = C^^ (^)/C'^^ (^) = (1 - 2z)/(l - 3z). 

(5) The maximum radius of a meromorphic extensior[^ of the semi-local zeta 
functions may be strictly larger than exp— /loo(G). Indeed, there are Markov shifts 
for which the radius of meromorphy of the local zeta functions varies (see Appendix 
A for an example where some local zeta functions are rational and others have a 
finite radius of meromorphy) . One can wonder if these values and for instance their 
supremum have a dynamical significance besides the obvious fact that if g G G and 
g' £ G' define the same local zeta functions, the corresponding shifts are almost 
isomorphic in the sense of [3 . One would like to "patch together" all the partial 
informations provided by all the (semi) local zeta functions. 

The proof of Theorem |4] relies on the generalization of an algebraic formula decom- 
posing the determinant of finite matrices -see section |6l In the special case of a loop 
graph, i.e., the disjoint union of /„ loops for each length n > 1 based at a single vertex 
a (see Appendix A), with F reduced to {a}, /loo(G) — limsup„>oQ(l/n) log/„ and the 
determinantal formula coincides with the well-known identity Ca(/) = (1 — faiz))~^, 
where fa{z) '■= J2n>i fnz" , the rest of the proof following then that of [17) Prop. 
9.2]. 

1.5.4- Equidistribution of the periodic points. — The periodic points are equidis- 
tributed w.r.t. a suitable measure of maximum entropy: 



'■^'See Appendix A for formal definitions. 
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Theorem 5 (Equidistribution of periodic points). — Assume that V is a QFT 
puzzle which is determined. Let fii,...,fir be the distinct maximum measures and 
Pi, . . . ,Pr their periods, p = lcm(pi, . . . ,pr). 

Fix a sufficiently large integer N and consider, for n £ pZ,, the measures: 

Then, in the weak star topology, 

1 1 

This will also be a consequence of a result of Gurevic and Savchenko I17| for SPR 
Markov shifts. 

1.6. Classification of QFT puzzles. — In the same way as QFT subshifts 
QFT puzzles can be classified up to entropy-conjugacy by their entropy and periods. 
Using the classification result [3 obtained with Boyle and Gomez for SPR Markov 
shifts, Theorem [T] implies: 

Theorem 6 (Classification). — The natural extension of QFT puzzles are com- 
pletely classified up to entropy-conjugacy by the following data: the topological entropy 
and the list, with multiplicities, of the periods of the finitely many maximum measures. 

This gives a very precise meaning to our assertion that complexity assumptions 
(defining QFT puzzles) in fact characterize them from the point of view of complexity. 

1.7. Smooth maps defining QFT puzzles. — We describe the class of smooth 
maps whose symbolic dynamics are QFT puzzles which will both provide interesting 
examples of such puzzles and yield a new proof of variants of previous results [9] 
about the dynamics of such maps. 

Entropy- expansion. — Let F : M —^ M he a C°° smooth map of a d-dimensional 
compact manifold. The main assumption is that F is entropy-expanding, which is 
defined as follows. The codimension one entropy 9 is 

h^'-^F) ^ sup{htopiF, cj){[0, if : cj) e C°° M)}. 

Recall that htop{F,a) counts the number of orbits starting from the not necessarily 
invariant set a — see |39j : 

htop{F,a) ~ lim lim sup r(e, n, cr). 

The entropy- expanding condition 9 is: 

h^-^F) < h,,p{F) ■.= htopiF,M). 

It is an open condition in the C°° topology [9|. Entropy-expanding maps form a 
natural class of multi-dimensional non-uniformly expanding maps. This class includes 
all couplings of interval maps, e.g., all self-maps of [0, 1]^ of the form: 

(4) {x, y) ^ {ax{l - x) + ey, by{l - y) + ex) 
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for 3.569... < a, 6 < 4 (3.569... is the Feigenbaum parameter). 

Indeed, x ^ tx{l — x) maps [0,1] into [0,f/4] for < t < 4 and has positive 
entropy for t > 3.569..., so that for e = 0, the above is entropy-expanding by [7J. For 
e > small enough, the coupling (j4|) stiU preserves [0, 1]^. This coupling is finally 
entropy-expanding by the openness of this condition. 

Such coupled interval maps are natural examples of multi-dimensional non-uniformly 
expanding maps with critical points but their ergodic theory has resisted all other ap- 
proaches up to now, despite all the results following |38j in the case where one of the 
two factors is assumed to be uniformly expanding. 

Good partitions. — We shall additionaly assume that there exists a good partition V 
for i.e., with the following properties: 

— "P is finite; 

— each element of V is the closure of its interior; 

— the boundary of each element of V is the image of a compact subset of R'*^^ by 
a C°° smooth map; 

— the restriction of / to the closure of any element A of "P, f\A, is one-to-one. 

— for each n > 1, each P, n-cylinder: 

^onF^Mi n---ni^""+M„_i A, e p 

has only finitely many almost connected components: maximum subsets which 
cannot be split into two subsets at a positive distance; 

— we have a uniform bound 

sup #{fc G N : F^{x) e dV} < oo. 

There are many C'°° maps of compact manifolds which fail to have a good partition. 
Indeed, it is not difficult to construct C'°° entropy-expanding maps which are bounded- 
to-one on no open and dense set. 

On the other hand we believe that among C'°^ maps, having a good partition is 
generic, i.e., this property defines a subset which contains a countable intersection 
of open and dense subsets. As a step in this direction, we prove the following in 
Appendix [b1 

Proposition 1.11. — The coupling in eg. Q) has a good partition for all parameters 
(a, b, e) except for at most a countable union of smooth hypersurfaces in M.^ . 

Puzzles of Good Entropy-Expanding Maps. — Given an entropy-expanding C°° smooth 
map F with a good partition V as above, we define the associated puzzle to be (V, i, /) 
with V = Un>oVn where: 

— Vn is the collection of almost connected components of "P, n-cylinders; 

— i, f : Vn+i Vn are the maps defined by i{u) = v and f{u) = w if v D u and 
w D F{u); 

(this is a special case of the construction given in section [TT2|) . We shall see the: 



14 



Jerome Buzzi 



Theorem 7 (Puzzles of entropy-expanding maps). — Let T : M M be a 

C°° smooth map of a d- dimensional compact manifold. Assume that T is entropy- 
expanding and admits a good partition V . Then the puzzle associated to (T, 'P) is 
QFT and determined. More precisely, /iwioc(l^) = and hc{V) < h'^~^{T). 

In particular, such maps have finitely many maximum measures and, up to the 
identifications given by some partition, their periodic points define zeta functions with 
meromorphic extensions to \z\ < exp —h'^~^{T). 

These results are stated more precisely as Theorem [8] and its Corollaries 18 . 2ll8T3l 

Remark. One can relax the assumption of smoothness to C" smoothness with r > 1 
provided one strengthens the entropy-expansion condition in the following way: 

h-i-^f) + l^log+Lip(/) < /itop(/) 
r 

and using that, according to [6], the left hand side dominates H'^^^{f), the uniform 
codimension 1 entropy defined in that work. We thus obtain a new existence result. 
It generalizes the classical result of existence of a maximum measure for all piecewise 
monotone maps (i.e., / : [0, 1] — > [0, 1] such that [0, 1] — lJt=i[^«' ^^^^ f\{o,i,bi) is 
continuous and strictly monotone) with positive topological entropy. 

Numbering. All items are numbered consecutively within each section, except for 
the theorems. 

Acknowledgments. J.-C. Yoccoz asked me about the relationship between Hof- 
bauer's towers and the puzzles of complex dynamics a long time ago. M. Boyle was 
always encouraging at all the stages this work went through. S. Ruette pointed out 
to me Proposition [nH] and the link with hoo{G). I am indebted to O. Sarig, especially 
with regard to my results about zeta functions for Markov shifts. His insights led me 
to the example given in the Appendix. 

The observations of the referees have also significantly improved the exposition of 
this paper (including section [S]). 

2. Further Examples 

2.1. Puzzles with finitely many irreducible vertices. — We prove Lemma [T751 
i.e., that the dynamics of a puzzle with finitely many irreducible vertices is (topolog- 
ically conjugate to) a subshift of finite type. 

Let no be the largest integer such that Vng contains a /-irreducible piece. Let n 
be an arbitrary integer larger than uq. Recall the map i„ : Xy — > Vj^ from 
To prove the lemma, it is enough to see that i„(A"y) is a subshift of finite type 
(easy since v reducible imphes Fy([w]y) — [f{v)]v — {Jwei-^(v)iMv) and that all the 
subshifts obtained for large n are topologically conjugate by the maps induced by the 
restrictions i : Vm —>^Vn,m>n. 

Let n > hq. Consider the finite graph r„ whose vertices are the elements of Vn 
and whose arrows are defined by: 

u — iT„ V 3w G Vn+ii{w) = u and f{w) = v. 
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Figure 1. Construction of a™"'' . 

Observe for future reference that, because of the definition of a reducible vertex, w 
above is uniquely determined by u and v. 

Let E„ C be the subshift of finite type defined by r„. We claim that in{Xv) = 

Observe first that i„(Xy) C S„. Indeed, for x e Xy and A: > 0, i((i^yx)„+i) = 
{Fyx)n by definition of Xy and f{{Fyx)n+i) = {Fy'^^x)„ by definition of Fy. Thus, 
{F^x)n ^r„ (F^+^a;)„, and i„(a;) e E„. 

We turn to the converse inclusion. Let G for some n > uq. We are going to 
define inductively a™ € yn+m- — 1: such that, for all to > 0, j G N and < k < m, 

(5) (i) I [a^ ) = a^. , (u) hf a^+fc , (m) a^^+i G /(i (a^- )). 

This will imply that in{Xv) D S„. Indeed, recall that x — in{cP) means that 
Xk — i"^'^(aQ) for k < n and Xk ~ «o " ^'^^ k > n. Hence x £ Xy by (i) and 
in{x) = a°, as = by (ii). 

Observe that ([5|) holds for m = because of the definition of r„. Let us assume 
that has been defined for p < to and all j £ N so that eq. ([5]) is satisfied. For 
j e N, let us build a"+^ satisfying 

Let a™"*"^ G f~^{aj]_i) D (this intersection is not empty by (iii), eq. ^ 

and it is unique because a™^^ is /-reducible). Let us check eq. ([5]) for to -|- 1, j. 
■fc+i(^m+i) ^ jfc(Q,™) hence (i) is satisfied. /(a™+^) = aj^i and a']'+^ is /-reducible 
by the main assumption. Thus a™^^ h'f aj^^ for fc = 1 and for 1 < fc < to by the 
induction hypothesis. This is (ii). As ct™'^^ >:} ctj^, the i-tree below a™'*'^ is mapped 
by / onto the i-tree below a™. This gives (iii), completing the induction. 

Finally, one observes that a^"*"^ = ip^i{x) is uniquely defined by — ip{x) so that 
the natural projection ip+i(Xy) —^ ip{Xv) is in fact a homeomorphism. This finishes 
the proof of Lemma 11.51 
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2.2. *-QFT puzzles with nasty dynamics. — We give examples of *-QFT puz- 
zles with infinitely or no maximum measures. 

Let So = {0°°}, Si, S2, • • • be a sequence of subshifts of finite type over disjoint 
alphabets. Assume that the Markov order of S„ is at most n (i.e., A G S„ iff 
Ak ■ . . Ak+n-i is a word in S„ for all fc > 0) and that /itop(S„) > for all n > 1. We 
are going to build a puzzle which is conjugate to lJri>o Taking /itop(S„) = log 2 
for all n > 1, or /itop(S„) log 2 as n ^ 00, shall yield the required examples. 

Let L„(Sfc) be the set of words of length n appearing in Sfe. The puzzle will be 
(V, «, /) defined as follows: 

Let Vo = {0} (the empty word) and y„ = Uo<fe<„L„(Sfc). 

Let w:= Ai . . . An eVn- If w S i„(E„), then f{w) = i{w) = 0"~^ Otherwise, let 
f{Ai ...An) = A2...A„ and i(Ai . . . A^) = Ai . . . A^-i. 

The only vertices of Vn that can be irreducible arc those tu G L„(S„) which are 
mapped by / to 0"^^. For n > N, all these vertices arc confused with 0" by i^r. 
Thus at a given level N, the number of distinguishable irreducible vertices in Vn is 
bounded independently of n so that hc{V) = 0. Thus V is indeed a *-QFT puzzle. 

2.3. QFT puzzles with bad zeta functions. — Let us describe a determined 
QFT puzzle with infinitely many periodic orbits of any given length so that the zeta 
function defined from the periodic points (and not their projections) is not even well- 
defined as a formal series. 

Pick a sequence of positive integers pi,p2,... such that #P~^{k) = 00 for all 
fc > 1. Modify the previous construction taking Sq := {0, 1}^ and, for n > 1, 
S„ := {(T-'w" : < j < Pn}, a periodic orbit of length p„ > 1. Take the symbols 
(w")n>i,o<j<p„ pairwise distinct and disjoint from {0, 1}. 

Observe that, for any word w from some S„, n > 1, Ti{w) is a linear graph 
whereas %{w) for all the other words are not linear. It follows that the irreducible 
pieces are: (i) the one-letter words and 1; (ii) the words from S„ of length n. Thus, 

hc{V) = h^yoc{V)=0. 

Let u,u' be words, u not from Sq such that u.u' w and ii(u) = ii{u'). Ti(u) 
is then a linear graph forcing Ti{u') to be so. It follows that u = . . ■to'j_^^ and 
u' = ui'^ . . . for some integers j, k, i, n, m with ^ > 1 by reducibility. Hence 
f{u) = f{u') implies that cj"_^j — to^+i- By the choice of pairwise distinct symbols, 
this yields u = u': V \s determined. 

Therefore V is indeed a determined QFT puzzle. 

Remark. Obvious adaptations of this construction yield examples with arbitrary 
growth rates of the number of periodic orbits. 



3. Basic properties 
3.1. Some properties of /-reducibility. — 
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Lemma 3.1. — If i{u) = i(u'), J^{u) = J^{u') and u^)v and f : %{f-\u')) 
Ti{f''{u')), I = 1, . . . , k are graph isomorphisms then u ~ u' . In particular, 

(6) i{u) — i{u') and u >Zf w and u' w k — I and u — u' . 

Proof: ([6]) clearly follows from the first claim. For fc = 0, 1, this claim follows from 
the definition of Assmiie the claim for some fc — 1 > and let u, u' and v be as in 
the claim for fc. Now, i{f-^{u)) ^ f^-^{i{u)) = f^^^{i{u')) ^ i{f^-^{u')) and both 
f'^~^{u) V and / : %{f^^^{u')) ~* %{v) is an isomorphism. This implies that 
f^^^{u) ~ f^^^{u') =: w by the definition of ^J-. Now i{u) = i(v!) and u w 
and / : %{f^^{u')) %{f'-{u')), I — 1, . . . ,k — l, so the induction hypothesis implies 
u = u'. □ 

Lemma 3.2. — If iiu) >:j i{v) and f^{u) = v with \u\,\v\ > 1 and k > 0, then 
u V. In particular, if u with \u\ > 1 is f -irreducible, then so is i{u). 

Proof: i{u) i{v) implies that the i-trees below i{u) and i{v) are isomorphic 
through Z*^. This implies the same for the sub-i-trees below u and v. Assuming by 
contradiction that u u we obtain that there exists w S i~^{i{u)), w ^ u with 
/'"'(w) = f^{u), but this would contradict that f^\Ti{i{u)) is one-to-one. □ 



3.2. Natural extension and duality. — Except in trivial cases, the dynamics 
Fy : Xy — * Xy is non-invertiblc. To obtain an invertible dynamical system, one goes 
to the natural extension. It can be described as {Xy, Fy) with: 

Ky = {(w,i,p),i,p : y{n,p) G N X Z i{Vn+l,p) = /(Wn+l,p-l) = Vn,p G Vn} 

The distance on is defined as: d{x, y) = X]n>o 2~"rfy(a;-ra, 

Remark that {X_yTFy) is homeomorphic to the usual realization of the natural 
extension: {{vp)p^i G Xy : Vp G Z Fy{vj^_^) = v^}. 

The symmetry of the roles of i and / gives rise to a duality between puzzles: just 
exchange the maps i and / associated to a puzzle (F, i, /). We denote by {V* ,i* ,f*) 
the resulting puzzle. The natural extension of their dynamics Fy and Fy* are in- 
verse of each other, as the description of the natural extensions given above makes it 
obvious. 

Remark. As it was already the case for subshifts of quasi- finite type [11], hc{V*) 
may be different from hciV). It may indeeed occur that hc{V) < htop{V) and 
^c(^*) — htop{V*) (or the other way around). This allows easy construction of 
puzzles such that /iwioc(^*) is different from /iwioc(^)- 
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4. Measure-theoretic Structure 

In this section we begin the proof of the structure theorem (Theorem [T|) . We 
first introduce the Markov shift which underhes our analysis and then we explain its 
consequences for entropy-conjugacy. The proof then has three stages: (i) the Markov 
shift is shown to be measurably conjugate to a part of the natural extension of the 
puzzle dynamics; (ii) the entropies of the measures living on the excluded part are 
bounded, yielding claim (1) of the Theorem; (iii) the entropy "at infinity" in the 
Markov diagram is also controlled, yielding claim (2) of the Theorem. Claim (3), on 
the periodic points, is proved in the next section. 

4.1. The complete Markov diagram. — The key object is the following count- 
able oriented graph. 

Definition 4-1- — The complete Markov diagram of a puzzle V is a countable, 
oriented graph T) defined as follows. Its vertices are the f -irreducible vertices of V . 
Its arrows are the following: 

(7) V ^ w 3u G V i{u) = V and u }zf w. 

Notice that because of Lemma [331 in 6q. Q is unique given v ^ w. 

Remark. If V is in fact a subshift over alphabet Vi, this complete Markov diagram 
reduces to the one introduced in [6]. Under the additional assumption that there 
are no "accidental" identifications, i.e., = only if w — /I""!-!""! («) 

(assuming \v\ > \uj\), this further reduces to the Hofbauer diagram [19) . 

Let I]+(2?) be the associated one-sided subshift: 

I]+(P) = {v£ : vq ^ vi V2 ■ ■ ■ } 
together with the left-shift cr((w„)„eN) = (w„+i),ieN- 

We build a conjugacy from the Markov shift onto (a part of) the puzzle dynamics. 

Proposition 4-2. — Let v G S+(2?) and n > 0. There exists a unique w'^"-' G V 
such that: 

(i) i"(u)(")) = Wo; 

(u) for all k ^ 0, . . . ,n: i''(it;(")) ^/ Vn-k- 
Moreover, the following property holds: 
(iii) i(u)("+i)) = 

Figure [2| gives a typical example of the construction of w". 
Proof: Let v_ G S+(X'). For each n > 0, we are going to define . . . , w" such that: 

(8) i^{w^) = Vn-j and Vfc = 0, . . . , j i''{w^) hf Vn-k- 

Observe that w^"^ := w" will then have the required properties (i) and (ii) by eq. ((8|). 
(iii) will follow from showing the uniqueness of the solution to ([8|). 

For j = 0, set — w„. For 1 < j < n, assume that w^^-^ has been defined 
satisfying ([8]). As Vn-j ^ u„_j+i, there exist an integer I > 1 and u G i~^{vn-j) 
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^(3) 

Figure 2. Construction of w^'^^ from tioi'iW2i'3 as in Proposition 14.21 

such that u Vn-j+i (where, necessarily, ^ = |u| — |i;„_j_|_i| — \vn-j \ + 1 — l^n-j+i|)- 
Hence there exists a G %{u) which is the /'-preimage of w^^^ in Ti{vn-j+i) (recaU 
that P~^{w^~^) = Vn-j+i). 

Let us check ([5]) for Compute 

=l+\w^-^\ ^ \Vn-j\ + 1 - \Vn^j + l\ + (j - 1 + \Vn-j + l\) = \Vn~j\+j- 

As G %,iu) and i{u) = Vn-j (i-c, S 7i(i'„_j)), this impUes the first part of ([5]): 

(9) z^'K) = 

For the second part, observe that u Wn-j+i, V~^{w^) = u, (lu-'"^) = Vn~j+i 
and f\w^) = 'w^~^. Hence Lemma [3.21 impUes that, for < fc < j — 1, i'^{w^) 
i^{w^^^). Using the second part of ([8]) for w'-'^^ we see that: 

VO < fc < j i^{w^) hf i'^K"^) hf Vn-k- 

Thus eq. ([5]) holds for and k < j. For k = j, this second part is just ©• 
This completes the inductive construction of w" . 

For future reference, observe that w-' depends only on Vn-j ■ ■ -Vn and that the case 
fc = of the previous equation gives: 

(10) hf w^-'^ hf Vn 

Let us check the uniqueness of problem ([5]). We prove that for w" satisiying eq. 
i^-Pyj^ is unique by an induction on < p < n. For p = 0, this is obvious. Assume 
it for p - 1 > 0. Observe that i(z"-P(w")) = z"-p+1(w;") and Vp. These 

two conditions uniquely determine i"~P(w") according to Lemma 13.11 Thus w" is 
indeed unique. 
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Thus we have shown the existence of lu'") satisfying properties (i)-(iii) of the state- 
ment. We show that w'"^ is unique under (i) and (ii). We proceed by induction on 
n. For n = this is obvious. Assume the uniqueness for n — 1 > 0. Let w' := i(w'-"^). 
Observe that 

- for < /c < n, i''{w') = i'=+i(w(")) hf Vn-k-i- 

By the induction hypothesis, w' = w^"^-^^. Thus i{w^"^) — w^"^-^^ and w*^"^ ^/ w„. 
Lemma |3 . 1 1 gives the uniqueness of w'"^, completing the induction. □ 

Corollary 4- 3. — Let v e £+(2?). Then there exists a unique x £ Xy such that 
^\vo\ ~ ''^0 di^d for all j > 0, x^^^^^j Vj. Moreover depends only on 

VqVi . . .Vj. For future reference we denote this x G Xy by x{v). 

Proof: For each n > 0, apply the above proposition to the sequence vq ^ . . . Vn 
to get wf"^ As i(u''"+"'^^) = ui'"-*, we define a sequence x in Xy by x\^(,i)\ = w*^"^. 
Moreover, for each rt > 0, a:^|tu(")|_„+j = ^/ Vj. As \w^"-^ \ ~ |wo| + this 

implies that a^j^ol+j — / '^i- 

The uniqueness is proved by applying inductively Lemma l3.ll to i(x\^g\^j^i) = 
x\vo\+j and a;|„Q|+j ^/ Vj. 

It is obvious that x^^^^j^j — a;|^i| depends only on vq . . . Vj. □ 

Let us define tt : S]_|_(2?) Xy by: 

7r(i;) = 4''°l(x(i;)) 
with x(v_) defined as in the above Corollary. 

Lemma 4-4- — The map n : Xy is well-defined, continuous and satisfies: 

TT O a — Fy O TT. 

Proof: The above Corollary shows that tt is indeed well-defined and continuous with 
values in Xy. We turn to the commutation relation. We must show that 

(11) f{{Trv)n) = {Trav)n-i 

for all large n. 

Let be built as in Proposition 14. 21 from vq . . . v„+i using the finite sequence 

defined in ([5]). Let ly^") be defined similarly from vi...Vn+i using 

. . . , ii". 

Observe that w'' ~ w*' for k < n as they are both determined by Vn+i-k ■ ■ ■ I'n+i- 
According to ^("+1) w'") with i := - = |uo| + 1 - | > 0. 

Hence 

/(/l^"l(w("+i))) = /l''il(w(")). 

Now ■n{v) — Fy"^{x) with x^y^^^n+i = w^"^^\ Likewise, TT{a{v)) — Fy^^{y) with 
y\vi\+n = w^"^ ■ (jlip now follows from the previous equation. □ 
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Figure 3. Proof of Vp Vp+i for Proposition 14.61 

4.2. Partial conjugacy. — We are going to show that tt gives an isomorphism 
between a subset of the natural extension Xy of Xy and the whole of 

Observe that tt : £+(1?) Xy extends naturally to tt : S(X') — > Xy by setting 
tt{v) = X with xopXip ■ ■ ■ — TT{vpVpj^i . . . ) because of the commutation in Lemma 14.41 

Definition 4- 5. — x G Xy is eventually Markovian at time p if there exists 
< N < oo such that: 

Vn > iV x„,p_„ hf xn^p_n. 
The eventually Markovian subset X.v of X_y is 

Xy — {x iz Xy : X is eventually Markovian at all times }. 

Proposition 4-6. — Define l : Xy hy l{x) — v if, for all p ^ Z, Vp is the 

unique irreducible vertex such that for all sufficiently large n: 

Then l : (Xy , Fy) (E(2?),cr) is well-defined and gives an isomorphism whose 
inverse is tt. 

Proof: Let us first check that l is well-defined with l{2Lv ) ^ ^(^)- Let x G 2Lv ■ 
Xy is precisely defined so that v = l{x) is a well-defined element of V^. ([12]) gives 
uniqueness at once. 

Let us show that Vp ^ Vp+i for an arbitrary p G Z. For n large enough, 

(13) (i) Xn,p-n hj Vp and (ii) Xn+l^p+l-n-l = Xn+l,p-n hf Vp+1 

where i = \xn,p-„\ - \vp\ and k = |x„+i,p_„| - \vp+i\. 

Let u — f^{xn+i,p-n) (note that |a;„+i^p_„| = n-\-l>n>tj. We have i{u) = 
/^(i(a;„_|_i^p_„)) = f^{xn,p~n) = Vp- Hence it is enough to see that u >f fp+i. 
Given (jl3i ii). this will follow from £ < k. li £ > k, Xn+i,p-n ci^f u (a- consequence of 
Xn,p-n Vp according to Lemma l3.2p anda;„+i,p_„ >z'f Vp+i would imply: Vp+i ^^f^ 
u, contradicting the irreducibility of Vp^i. Thus l(x) G S(2?). 
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Let us prove that lo tt — Idj^^p)- Let v G 2(2?) and x = 7r(w) G Xy. Let us check 
that X belongs to Xy . We have, for p G Z and n > 1, 

^n,p — n — ("^(^p— n'^p— n+1 ■ ■ • ))n — ^ ^ ' (y|Dp_^ | +n) 

where J/|up_„|+n ^T/ Vp for fc = |wp-,i| + n — \vp\ by CoroUarv 14.31 For n > \vp\, 
k > \vp-n\ and 

(14) Xn,p-n = /''""""' (2/^p-„|+«) Vp. 

Thus X is eventually Markov at any time p. x € X_y as claimed. Observe that eq. 
(|14p also implies that b{x) = v, i.e., t o vr = Idx;(i5) as claimed. 

It remains to show that l : Xy — > S(X') is one-to-one. Let x,y G Xy with 
= =: w. Let p G Ij. As Vp Wp+i, there is a unique Up such that i(up) = Vp 
and Vp+i for fc = |up| + 1 — |fp+i| by Lemma lOI 

For n large enough, we have Xn,p-n,Vn,p-n ^/ Wp for I = n-|wp| and x„+i^p_„, y„+i_p_„ 
Wp+i. Then Xn+i,p-n a^n-i-i-^,p-n+f and w must satisfy i{w) — Vp and 

w hf Wp+i (observe that |w| = n + 1 — ^ = |up| + 1 > |wp+i|). By Lemma l3.ll 

W = Xn+l,p^n- Thus 

Xn+l,p—myn+l,p-n ^/ Up — p_ | = | + l,p— | ■ 

We want to repeat this analysis with replacing Vp. First we check that Up ^ Wp+i, 
i.e., that there is some w such that i{w) = and w Wp+i (but some might 
be reducible). Indeed, /'^ : ^(Up) Ti{vp+i) is an isomorphism so that there exists 
w G Ti{up) with f''{w) — Up+i. Lemma [32] gives then that w Up_^_i. But this says 
that Up ^ Wp^]^, as claimed. 

We proceed inductively, assuming that some sequence {u0p^z has been obtained 
such that u^p Up_^_l and 

(1^) a;„+j,p_„ hf u^p = ^\ul\+i,p-\vp\ = y\ui\+i,p-\vj,\ 

We define as the unique piece such that i{up^^) — and ^/ Up+i- The 
same reasoning as above yields ([T5]) with j replaced by j -I- 1. 

As \u^p\ — \vp\ -\- j ^ oo, we obtain x = y. □ 

Corollary 4-7. — The induced maps on the invariant probability measures tt : Prob(cr, E 
Prob(JV, Xy) and TT : Prob(cr, E+(I?)) — > Prob(i^v', ^y) o,re one-to-one and preserve 
ergodicity and entropy. 

Proof: That tt : S(P) — + Xy is a partial isomorphism trivially implies the stated 
properties of tt : Prob((T, £(1?)) — > VxohiFy . Xy ). To finish, recall that the natural 
extension construction preserves ergodicity and entropy. □ 
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4.3. Entropy of the non-Markov part. — 

Proposition — If fi is an invariant and probability measure withfl{Xy\Xv) = 

0, then 

h{Fv,p)<hc{V). 

To analyze the non-Markov part, the first step is the following: 

Lemma 4-9. — Up to a set of zero measure with respect to any invariant probability 
measure, each x G Xy \ Xy satisfies: for all p e Z there exist arbitrarily large 
integers n such that x^.p-n is an f -irreducible vertex. 

Proof of the Lemma: By definition x e X_y \ X_y iff there exists p G Z as in 
the statement of the Lemma. Let X{p) be the set of such x. The lemma is clearly 
equivalent to the fact that, for any invariant probability /i, 

(16) ^1 Ux(p)] =J[]X{p) 

\pGZ / \pGZ 

It is enough to prove this for ergodic /i's such that the union has positive and hence 
full measure. If we prove that X{p + 1) C X{p), it will follow that ^, (^U^ez -^ip)^ = 
limp^_oo m(^(p)) which is equal to fi{X{p)) for any p G Z by invariance of /i, proving 
(fT6|) . But observe that by Lemma [321 



SO that X ^ X{p) X ^ X{p + 1), which concludes the proof. □ 

Recall that the entropy of an invariant and ergodic probability measure p, can be 
computed as 123]: 

h{Fy,fi) — limh{Fy, fj,,e) with 

e— >0 

h{Fy,^i, e) = hmsup — logmin < #5' : ^( [J B{x, e, n)) > A^o i 

[ x&S J 

where < /io < 1 is arbitrary. 

Proof of the Proposition: Let ^ be an invariant probabihty measure carried by 
Xy\Xy . We may and do assume that fj, is ergodic. Let a > be some small number. 
There exists r > (depending on p) such that h{Fy, pi) < h(Fy, fi, r)+a. Fix Li < oo 
and ri > such that for x,y e X_y, d{x2Li,-Lt,y2Lt,-Lx) < ri =^ d{x,y) < r (for 
any distance on Xy and 2Lv compatible with the topologies). Let L2 be such that 
r(ri, 71, Cn) < e^'''^^^''+"''" for all n > L2 and fix, for each such n, some fri . n)-coveiP^ 
C'n oiCn with this minimum cardinality. For each v G C„, we pick some x G Xy such 
that Xnfl = V and let Xn '■— {a;*' G Xy : v G C„}. 



t'*) Recall the definition of the entropy of sequences. 
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Let L >> Li log K /2a + L2 where K is the minimum cardinahty of an r-dense 
subset of X_y . It follows from Lemma 14.91 that there exists a measurable function 
n : Xy N such that, for /i-a.e. x G Xy-. 

— n{x) > L; 

— Xn,-n is /-irreducible for n — n{x). 

Hence (see [111 p. 394]) a /i-typical x satisfies the following. For all large n, there 
exist disjoint integer intervals [a^, 6^) C [0, rt), i = 1, . . . , s, such that 

1. X^Li ~ «i > (1 - 

2. bi — Gi > L for all i = 1, . . . , s; 

3. a;6,_a,+i,Q, ^/ Xb,-a,,a,+i- in particular, Xh^-a,+i,a. is /-irreducible. Thus 
F°'+^i(a;) e B{y,r,h - ai - 2Li) for some y £ Xfc,_a,+i. 

It follows (see, e.g., the same reference) that h{Fy, < hc{V) + 3a + a \ loga| < H. 
As a > is arbitrarily small, this concludes the proof. □ 



4.4. Entropy at infinity in the diagram. — 

Proposition 4. 10. — Let H > hc(V) + h„\oc{V). Then there exists a finite subset 
Vq C T) such that: 

h{V\Vo,V) inf^sup |/i(cr,M) : M e Probcrg(I](P)) and fi ^ (J [D]^ < < H 
where Probcrg(S(P)) is the set of shift-invariant and ergodic probability measures on 

Proof: It is enough to find and /io > such that if /i e Proborg(S(X')) satisfies: 

(17) m( u [^n <^0' 

then h{a, n) < H. 

Let a > be so small that /ic(1^) + ^w1oc(1^)+4q: + Q!| loga| <H. Let r > be such 
that, for all invariant and ergodic probability measures fj, with h{Fy,j.i) > hc{V): 

h{Fy,fj.) - h{Fy,n,r) < /iwioc(-Fy) +a 

(the point here is that r and therefore Li and ri are now fixed, especially they are 
independent from fi — compare with Proposition I4.6P . Fix Li < 00 and ri > such 
that, for all x,y £ Xy. d{x2Li,-Li,y2Li,-Li) < ri => d{x,y) < r. We increase Li 
if necessary so that Li > r^^. Recall that C — (C„)„>i with C„ the set of irreducible 
vertices of order n. Let L2 such that r(ri,n, C„) < e('"°p('')+")" for all n > L2. Let 
K be the cardinality of a finite r-dense subset of Xy and let L > a^^Li log if + L2. 
Finally let 

Vo ^ {v : \v\ < L} 

and let /io > be a very small number to be specified later. 

Let /i be an ergodic invariant probability measure on S(X') satisfying ([T7]). We 
boimd h{(T, /i). First observe that by Corollarv l4.71 h{(T, /i) = h{Fy, tt^^). Let x G Xy 
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be a 7r*/i-typical point. Thus x — Tr{v) with v a path on V spending a fraction of its 
time less than /iq in T^o- 

This imphes that there exist disjoint integer intervals [ai,6i),-- - C [0,n) with 
S I? \ Vq such that ~ ^ (1 ~ Mo)^ E^nd 2;|.y^ | f,._|^j^ | = Vf,.. The latter 

implies: d{xai+k, f''{vbi)) < ri for all /c G [0,6^ — ai — Li). Note that the 6^ — are 
large (larger than L). By definition of V, the v^^s are /-irreducible. It follows as in 
the proof of Proposition 14.81 that 

h{Fv,n,n,r) < hc{V)+a+J + J\\og^\ + {^la+2Ll/L)\ogK < hc{V)+3a+a\\oga\ 

if /io — Aio(^i''iQ!) is small enough. If /i(_FV, tt*//) < hc{V) < H, there is nothing to 
show. Otherwise, 

h{Fv,TT*ti) < he (V) + h^ioc{Fv,r) + Aa + a\ log a\ < H 

as claimed. □ 



4.5. Conclusion of the Analysis of Large Entropy Measures. — We collect 
all the partial results and check that they imply the first two claims of Theorem [TJ 

First, let be a *-QFT puzzle. Propositions 14.61 and 14.81 immediately imply that 
Xy is entropy-conjugate with constant hc{V) to the Markov shift, proving 
claim (1) of the Theorem. 

For claim (2), we assume that V is QFT : htopiXy) > := hc{V) + h^\oc{Xv)- 
Proposition 14. 101 implies that h^{T>) < H^. 

Take H strictly between and htop{V): T) contains only finitely many irreducible 
Markov subshifts S with entropy h{S) > H. This imphes that h{S) > H^> hoo{T>) > 
hooiS). Hence, by the result of Gurevic and Zargaryan |18) quoted in Proposition [6T] 
below these irreducible subshifts are SPR. This proves claim (2) of Theorem [TJ 



5. Periodic Structure 

In this section we prove Claim (3) of Theorem [T] which relates most periodic orbits 
in the Markov shift with most periodic orbits in some fine scale approximation {^{Xv) 
of the puzzle dynamics Xy ■ It is here that we need determinacy, exactly once, to prove 
eq. (UHl). 

5.1. Partition of the periodic points. — The proof will use two integer param- 
eters N,L > 1 depending on e > 0. We shall denote o-k : iAf(^\/) by 
■kn- The n-fixed points ^ = o'"(^) of iNiXy) satisfy exactly one of the following 
properties: 

(PI) there exist v G 7r^^(C) e T.{V) such that In{v) := {p > : < N] is infinite. 
(P2) 7r^^(^) ^ but for all v in this set, In{v) is finite. 
(P3) 7r~i(e)=0- 

Denote by Fixi(n), i = 1,2,3, the corresponding sets of periodic points of ZAr(Xv) 
(these sets do not depend on L, which will define a splitting of Fix2(n) below). 
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On the other hand, we consider on the Markov shift only the periodic points defined 
by low loops: 

Fi^i(n) := {v £ T,{V) : a"-v = v and {wq, • ■ . , w^^i} n ^ 0}. 
We shaU say nothing about the others. 

5.2. Low loops and periodic points of iAr(Xy). — Let e > 0, TVq and be 

given as in the statement of the Theorem. Fix N > Nq so that Vn D Vq and 
h{V \ Vn) < hciV) + h^iociV) + e/2 (which is possible by Proposition OO] as h{V \ 
Vn) < h{V\VN,V)). 

We first claim that for all ri > 1: 

(18) #Fixi(n) = #Fi^i(n). 
We need the following consequence of determinacy: 

Lemma 5.1. — Let V he a determined puzzle and N > 1. Let v,v' G 5](2?). // 
X = 7r(u) and x' = tt{v') satisfy ii{x) = ii(x'), then: 

(19) Vo = v'q =^ Vn > Xn-n = x'n_„ 

Proof: For n = no := |vo|: the right hand side of follows from va = a^no.-no ~ 
^no -no' which holds by ^2]) . This implies ^9]) for n < uq. Assuming it for some 
n > no, ([H]) again implies x„+i._„_i, a;'j_|_i _„_i Xn-n = x'^-n- Together with 
the determinacy and ii(a;ri+i,-ri-i) = ii{x'„^i _„_i), this completes the induction 
and the proof of the lemma. □ 

We deduce ([T8|) from this Lemma. Let 

E(A^) := {v e 2(2?) : 3p ^ oo \vp\ < N}. 

By Lemma [5Tl ttn\T,{N) is one-to-one. Fixi(n) is by definition the set of fixed points 
^ of cr" in 7rjv(S(iV)). By the injectivity of 7i-jv|E(A^) and the u-invariance of S(iV), 
such ^ are the ttjv images of the fixed points of cr" in 7riv(S(A^)). This proves the 
claim (fTS]) . 

5.3. Remaining loops and periodic points. — To conclude we check that the 
remaining factors arc holomorphic. 

Lemma 5.2. — For every e > 0, there exists No{e) < oo such that, for all N > 
No{e), for all n>l: 

(20) #Fi^2(^) < C(A^,e)e(''<^(^)+')" 

(21) #Fi^3(n) < CiN, e)e('''^(^)+^)". 

Remark. Of course, N being large, h{T,{V \ Vn)) < H := hdV) + /iwioc(^) + e < 
htop{V) but this is unsufficient to prove ((20|l as Gurevic entropy only controls the 
number of loops based at a fixed vertex. Indeed, in some examples, P \ Pjv contains 
infinitely many loops of each length. 

This Lemma will be enough to conclude the proof of Theorem [3l 
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5.4. Paths above N. — To prove ||^D|) we bound the number of the n-periodic 
projections to i^iXv) of (not necessarily periodic) paths on P \ V^. 
The proof is similar to that of Proposition 14. 101 For n > N, let 

(22) C(n) := l^iiNiv),iN{fiv)), ■ ■ ■ ,^Nir''' (v))) e V^^'' : v e 

By (ini), for all w £ S(P), writing y := tt{w) G 2Lv, 

(23) luo irreducible with £ := |ti;o| > =^ iyN,-e+i,yN,-e+2, ■ ■ -.Un-n) G C{i) 
so that {C(ri) : n > 1} controls the projections of high paths. By definition, 

(24) #C(n) < C(7V,e)e('''^(^)+^)", 

hence this control should give an entropy bound. Let us see the details (note that the 
bound proved below is only hc{V) + /iwioc(^))- We fix L = L{N, e), a large integer. 

Let n > 1 and ^ G z v(Xy) with (t"'(^) = ^ satisfying (P2): ^ = T^Niv) for some 
V G S(2?) satisfying: \vp\ > N for all p > pq. By periodicity of ^, we can assume 
Po = by shifting v a multiple of the period. We shift again ^ to ensure = 

if Jl(w) is finite, |tio| < L otherwise (this might produce an irrelevant factor n in the 
estimates). Let x — iTNiv) G 2Lv 

Define inductively the integers r > 1, n > 6i > • • • > 6r > as follows, bi :— n— 1. 
If bi — \vbi\ > and | > L, then set bi^i :— bi — \vi,. \ > 0, otherwise let r :— i. 
Finally set £i := \vb. \ for all i = 1, 2, . . . , r. 

Now, by ((23)l . XN,bi-ei+k ~ in ° f^{vbi) for < A: < — N. Thus, there exists 
x(i) G C(£i), such that Chi-i!.+fe = (a;(0)fc for < fc < - TV. 

Notice that ii > L for i = l,...,r — 1. Hence, given n > 1 and br, when v ranges 
over T,(V\'Dn), the number of choices for the integers 6i, . . . , br-i is at most e'^^"~''^'> 
as L is large. On the other hand, cq. ([M)) yields, for any ^ > 0, 

. . .Co : ? = ttn{v) with i. G I](P) and \vo\ ^ £} < C{N ,e)e^'''^^^+'^' ^{#V<n) 
This implies: 

(25) #{^f,^ . . . in-i ■ £. G Fix2(n) with given br and In{v) = 0} < 

(#-l/<Ar)^("-'''-)/^ • e^("-'''-) . C{N, e)("-''-)/^ exp(/ic(l^) + e)(n - br) 

< (7e(''c(V)+3e)(«-b,) 

using that L — L{N, e) is large. Note that there are at most n possibilities for br- It 

remains to count the possibilities for • • • C&r-i- There are two cases. 

-(1) " 

First case: \vb^\ < L. Fixj (n) be the corresponding subset of Fix2(n). Recall that 

in this case /l(i') is infinite and \vo\ < L. Hence Vq ■ ■ ■ Vb^ is a path on \ 2?jv which 

starts and ends in the finite subgraph 2?^ \X'jv. The number of such paths with given 

br is bounded using the Gurevic entropy by: 

(#Pi \ P^)2e(''(^'\^'«)+^/2)&. < \Pj^)2e(''(V')+'w,oc(V)+e)6.^ 
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Combining with eq. (|25p and summing over 1 < r < n/L + 1 and < br < n we 
obtain: 

4fFlxi'\n) < C'(i,iV,e)n2e("(^)+''--(^)+3^)". 

(2) 

Second case: \vb^ \ > L and br — \vb^ \ =: —S < 0. Let Fixj (n) be the corresponding 
subset of Fix2(ri). We shift ^ by 5 (and add 6 to each bi) so br — \vi,^\ = (doing this 
we lose the property \vo\ < L if /l(w) is infinite). Of course, 6i, . . . , 6^ > n for some 
(maximum) s > 1. We forget about 6i, . . . , bg-i and we trim Vh^ in the foUowing way. 
We replace bg, Vb^ and is by n — 1, := i''=^"+-^(wf,J and £^ is ^ (bs — n + 1) > 1. 
We have now that x^js[^bs-is+i — *Af(/*^*) for < z < ^* — A^. We may now apply 
([25]) with br = 0. This concludes the proof of ([20]) . 

5.5. Unliftable periodic orbits. — Let ^ G Fix3(n). By definition, for any a; G 
Xy projecting to ^, there exist p G Z and arbitrarily large integers k such that, Xk,p-k 
is /-irreducible. Take such an integer k > N -\- n and observe that := XM+n,p-k is 
/-irreducible by Lemma [3.21 Hence, setting q := p — k — \v^\, 

^g+i = iN{f{v^)) for aU < i < n. 

This implies that 

#Fbc3(n) < C(7V,e)e('''^(^)+<^)", 
proving eq. (PT|) and concluding the proof of Theorem [31 

6. Semi-local zeta functions of SPR Markov shifts 

We give a proof of Theorem |4] about the meromorphy of the semi- local zeta func- 
tions of SPR Markov shifts, after recalling the relation between the entropy at infinity 
and the SPR property. 

6.1. SPR property and entropy at infinity. — A combinatorial quantity re- 
lated to our hoc{G) first appeared in a work of Gurevic-Zargaryan [18j to give a 
sufficient condition for being SPR, which was then shown to be necessary (see [171 
Theorem 3.8]). The explicit relation (|26p below is due to Ruette [34]. 

Proposition 6.1 (Gurevic-Zargaryan, Gurevic-Savchenko, Ruette) 

Let G be a countable, oriented, irreducible graph with h[G) < oo. The graph G is 
SPR iff hoc (G) < h{G) where the entropy at infinity hoc{G) has been defined in\^and 
can be computed as: 

(26) hoo(G) = inf max limsup — log#{(xo, . . . , a;„) £ {u} x G""^ x {u} : 

FCCG u.veF n->oo TL 

\/i = 0, . . . ,n Xi Xi-i-i on G and {xi,X2, ■ ■ ■ , Xn^i) fl F = 0} 
where F CC G means that F ranges over the finite subgraphs of G. 

Observe that by this proposition, the conclusion of our Theorem|3]is non-trivial iff 
the Markov shift is SPR. 
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6.2. Semi-local zeta function of large subsets. — The first step of the proof 
of Theorem |4] is the following weaker claim on semi-local zeta functions defined by 
large subgraphs: 

Claim 6.2. — For every e > 0, there exists a finite subset Fq Cd G such that for 
all finite subsets Fq C F CC G, the semi-local zeta function Cp{z) extends meromor- 
phically to \z\ < exp— (ft,oo(G) -l-e). 

The crux of the proof is to check that 

CF(^) = l/det(Id-L(z)) 

with L(z) a finite square matrix with holomorphic entries for \z\ < e~(^°°('^)+'^) and 
Id is the identity matrix. 

One can give a direct, self-contained proof by generalizing an algebraic formula 
for the determinant of a finite matrix in terms of its block decomposition used for a 
similar purpose in |20j . We give a shorter proof based on the formula in eq. ((28|) , 
quoted from [2], as suggested by a referee. 

Proof of Claim 16. 2t Let be a finite subgraph of G. For each u,v & F, define 

fniu, v) := #{xi . . . Xn-i : X e E(G) s.t. Xq = U, Xn = V 

and {xi,X2, ■ ■ ■ , Xn^i} n F = 0}. 

Recall the definition of h{G\F, G) as introduced in Proposition l4.10l There is Fq CC 
G such that, if C CC G, then h{G \F,G) < /loc(G) -I- e for arbitrarily small 
e > 0. Hence, by eq. ((^ . for all u,v £ F: 

(27) limsup-log/f < /loo(G) +e. 

n — >oo n 

Now define Ln = Ln{z) to be the F x _F-matrix with following polynomial entries 
in z: 

Ln{u,v) := fi{u,v)z''. 

0<k<n 

Consider the zeta function: 

Cn{z) exp V — #{xo. . .Xp : x £ I](G), (jP{x) = x, 
p>i ^ 

{i £ Z : Xi £ F} has gaps of lengths at most n}. 

The formula from '2' is: 

(28) C(z)=det(Id-L„(z))-i. 

Let L be the i^x_F matrix with power series entries defined by L(u, v) := lim„_>oo Ln{u, v). 
The limit here is in the sense of formal power series. Increasing n only adds high 
powers, hence this limit exists. Also Cf(^) ^ linirwoo C™ (-s^)- By eq. ([15]), we get 
CF(2) = det(Id-L(z))-i. 

Eq. (P7)) implies that the entries of L have a radius of convergence at least e-'^'^iC!)-e ^ 
Therefore CF (^) must be meromorphic over \z\ < exp —{hoo{G) + e). □ 
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6.3. Proof of Theorem |4l — Claim shows the meromorphy of semi-local zeta 
functions relative to large finite subsets. 

We first show the last claim of the Theorem. For e > 0, let CC G as in the 
proof of Claim [Ql let F', F D Fq he other finite subgraphs. Let Fi := F U F'. 

(z) z" 

. — exp — #{a: 6 S : cr"(x) ~ x and {a;o, . . . , a:„-i}meets Fi but not F]. 

The radius of convergence of the above series is at least 6^'''^'^^^°-' > e^'^''°°('-^'+'^ 
The same applies to C,p^{z)/C,p,{z). This proves that C,p{z) / C,p,{z) is a holomorphic 
non-zero function over \z\ < e~('*°°('^)+^). 

We now show that all semi- local zeta functions are meromorphic on \z\ < e~'^°°^'^\ 
finishing the proof of Theorem 2) 

Let F CC G. Let e > 0. By taking H such that F C H CC G, H large enough, 
we can ensure that 

h{G \H,G\F) <h^{G\F) + e 
(see the definition of h{-,-) in Proposition 14. lOp . After possibly increasing H, Claim 
16.21 ensures that Ch\f(-^) ^ meromorphic extension to \z\ < exp —hoo{G \ F) — e. 
We compute: 
(29) 

n 

Ch(2)/Cf(-z) = exp V — #{x e E(G) : cr"x = a; and 



n 

n>l 



n>l 



{xo, . . . , Xn-i} n 7^ but {Xo, . . . , Xn-l} 0^ = 0} 

n 



exp y — e S(G \ F) : cr"x = a; and 



{xo,...,x„_i}n(i/\F) ^0} 



As /ioo(G \ H) < hoo{G \ F) < hoc{G) (see the remark after Definition 001) . Thus 
Cp{z) = CHi^)/(H\F^^) meromorphic on \z\ < exp— /loo(G) — e. Letting e > 
decrease to 0, finish the proof of Theorem |4l 



7. Proof of the Consequences 

7.1. Measures of maximum entropy. — Our Structure Theorem implies that 
the set of maximum measures for a *-QFT puzzle or for the associated Markov shift 
have the same cardinality. We apply some results of Gurevic. 

First, according to [15) . each irreducible subshift of a Markov shift carries at most 
one maximum measure and this measure, if it exists, is a Markov measure (which 
implies by |21| that it is a finite extension of a Bernoulli). Hence, a *-QFT puzzle has 
at most countably many maximum measures (because it has at most countably many 
states) and a QFT puzzle has only finitely many irreducible components (because 
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its spectral decomposition contains finitely many irreducible subshifts with maximum 
entropy). 

The existence of a maximum measure for a QFT puzzle follows from the fact that 
the spectral decomposition of its Markov diagram must contain an irreducible subshift 
with entropy equal to that of the puzzle and that this subshift must be SPR. SPR 
implies positive recurrence which is equivalent to the existence of a maximum measure 
by the same result of Gurevic. Theorem [5] is proved. 

7.2. Zeta functions. — We prove Theorem|3l Recall that for the results involving 
the counting of the periodic points, we assume, in addition to QFT , determinacy. For 
simplicity, we assume that the Markov diagram V is irreducible and leave the general 
case to the reader. Let e > 0. Theorem [1] gives a large integer N such that the 
n-periodic orbits of iAr(Xy) and the loops of 2? going through Vn can be identified 
up to an error bounded by exp(/ic(F) + /iwioc(^) + e)"-- Hence 

C^iz) := exp V —#{x e i^iXv) : F^ix) = x} 
^-^ n 

n>l 

is equal to the semi-local zeta function of P at T>n up to a holomorphic, non-zero 
factor on the disk \z\ < e-''c(V)-/iwioc(V)-e cir^[^ (3) of Theorem[TJ By Theorem 
[4l this semi- local zeta function can be extended to a meromorphic function on \z\ < 
g-/ic(v)-/iwioc(v)^ proving the main claim. 

The singularities of C^iz) on \z\ = e~'''°p(^) are as claimed by the same statement 
proved for local zeta function {F reduced to one vertex) by Gurevic and Savchenko 

m- 

This concludes the proof of Theorem [3l 

7.3. Equidistribution of periodic points. — We give a sketch of the proof of 
Theorem [5] which is essentially that from [llj using the estimates of the analysis of 
the zeta function above. 

There is equidistribution for an irreducible SPR Markov shift according to Gurevic 
and Savchenko |17j . For the (easy) extension to the general case, it is enough to 
see (like in [lip that the number of n-periodic points living on an irreducible SPR 
Markov shift S with period p is equivalent to pe"''*°p^^-' if n is a multiple of p, zero 
otherwise. 

To apply it to the puzzle, one has to recall the following facts from the above 
analysis of the zeta function: 

— the projection S(I?) Xy is continuous; 

— there is a one-to-one, period-preserving correspondence between i^v-projections 
of periodic points going through a large finite subset F and a subset of the 
periodic points of Xy; 

— the remaining periodic points both on iN{Xv) and S(2?) contributes negligibly 
to the considered measures by the reasoning in the proof of Theorem |3l 
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8. Application to entropy-expanding maps 

We prove Theorem [T] smooth entropy-expanding maps introduced in [7j define 
determined puzzles of quasi-finite type, provided that they are endowed with a good 
partition in the sense of section 1 1.71 We prove a more detailed statement (Theorem |8] 
and give some consequences in Corollaries 18.2118.31 The first corollary is a new proof 
of results in [9] under an additional assumption. The second is new. 

8.1. Puzzle and consequences. — At this point, T may be just a continuous 
self-map of a compact metric space M together with a finite partition P into subsets 
A such that A — \iit{A) and T\A \& one-to-one. V is the set of the interiors of the 
elements of P. 

The puzzle is defined by the refining sequence of "partitions" Vn which are, for each 
n > 1, the set of almost connected components of the V, n-cylinders, i.e., intersections 
of the form Aq fl T'^Ai n ■ • ■ n T-"+iA„_i, A, e Vn- We assume that each Vn 
is finite. Their advantage over the usual connected components is the following key 
upper bound on the constraint entropy (to be proved later): 

Proposition 8.1. — For the puzzle V defined by almost connected components of 
the P-cylinders: 

hc{V) < htop{T,dP) + 

'^mult 

where hmu\t{T, P) :~ limsup„^g^ i logmult(P") with mult((5) := maxxeM #{A E 
Q -.Ab x}. 

We shall show that the puzzle defined in this way by an entropy-expanding map 
with a good partition is close to the original dynamics and also satisfies the remaining 
assumptions of our theory. 

Remark. The above proposition is the counterpart of the upper bound on minimum 
left constraint entropy in lT\, first claim in the proof of Lemma 7, p. 385. It is 
here that we reap the main benefit of the puzzle construction: we can consider almost 
connected components of cylinders, instead of whole cylinders — thus we get the direct 
link between the constraint entropy and the topological entropy of the boundary "for 
free", without having to assume the connectedness of cylinders as in [11^, Lemma 7. 

We recall some well-known notions to fix precise definitions and notations. 

The coding map 7v of {M,T, {Vn)n>i) (or just the coding of V) is the partially 
defined map 7 : M' — > Xy defined by (i) M' := r\n>i Uagv^ (i^) '^i-'-) 
unique y € Xy such that, for all n > 1, T'^x e yn- The coding for the usual symbolic 
dynamics, simply denoted by 7, is obtained in this way by considering the partitions 
into cylinders of given order: V^ ,V^ , . . . . 

A finite extension of F : X ^ X is a skew product over F with finite fibers, 
i.e., G -.Y ^ Y such that Y C X x N, #{Y n {a;} x N) < 00 for aU x € X, and 
G{x, n) — {F{x), 4'(x, n)) for some ^l* : A x N ^ N. We do not require the cardinality 
of the fibers to be constant. 

A periodic extension of F : A A is a map of the form _ff:Ax{0,...,p— 1}— » 
Ax{0, ...,p-l}with, forO< j <p,H{xJ) = H{x, and H{x,p-1) = iF{x),0). 
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Theorem 8. — Let T : M ^ M he a C°° entropy- expanding map of a compact 
manifold. Assume that V is a good partition and let (V,i,f) be the puzzle obtained 
by taking the almost connected components of the V ,n- cylinders, n > (see section 
Let 7y be the coding, 
Then: 

1. "fv defines an entropy- conjugacy between {Xv,Fv) and {M,T), possibly up to 
a finite extension: there is a Borel finite extension G of Fy and an entropy 
conjugacy of G and T which extends 7y; 

2. hc{V) < h^-\T) < /itop(T) = /itop(^); 

3. V is of quasi-finite type with /iwioc(^^) = 0; 

4. One can find a determined subpuzzle V' <ZV such that the two previous proper- 
ties still hold and only few periodic orbits are destroyed: 

(30) 

VA^ > 1 limsup-log#{C e iN{Xv) ■ £. = F^{£_) and ^ i ijv(^y')} < h'^'^{T). 

n — >QO ri 

Applying Theorems [5] and [S] to 1^ yields a new proof of a slightly weaker version 
of our result ^ about the measures of large entropy of entropy-expanding maps (we 
"lose" here a finite extension): 

Corollary 8.2. — Let T : M M be a C°° entropy- expanding map. Let V he a 
good partition. Then: 

— T has finitely many ergodic, invariant probability measure with maximum en- 
tropy; 

— the natural extension of such maps T are classified up to entropy- conjugacy and 
possibly a period and a finite extension by their topological entropy. 

Theorem [3] applied to V' gives information about periodic points: 

Corollary 8.3. — In the same setting, let e > 0. Perhaps after replacing V with a 
finer good partition, the Artin-Mazur zeta function at level V ofT: 

(v{z) ■■= expV — #{a e j(M') : a"a = a} 
^ — ' n 

n>l 

is holomorphic on the disk \z\ < e^''"'p("^' and has a meromorphic extension to the 
larger disk \z\ < e^'' (^)""^. In particular, there exist integers p > 1 and m > 1 such 
that for n ^ oo along the multiples of p: 

#{a e 7(M') : CT"a = a} - me"'''°p(/) 

Proof of Corollaries I8.2|j8.3l Corollary 18.21 is a trivial consequence of point 1 
of Theorem |5] together with Theorems [5] and [SI 

Corollary 18.31 follows similarly from points 3 and 4 of Theorem [S] together with 
Theorem [3] using as the refined finite good partition, the partition defined by the 
almost connected components of the V, iV-cylinders where N — N{e) is given by 
Theorem H □ 
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Remark. (1) If M is one or two-dimensional, then a topological argument easily 
shows that each periodic sequence in the coding 'y{M') correspond to a periodic point 
(e.g., using Brouwer fixed point theorem in connected components of the closure of 
cylinders). In higher dimension, one must use the non-uniform expansion. 

(2) The results of Kaloshin |22j show that upper bounds on the number of periodic 
points can hold for arbitrary maps only after some identifications. 

In the sequel we prove Theorem [8] 
8.2. Entropy-conjugacies. — 

Lemma 8.4- — Let T : M ^ AI be an entropy- expanding map with a good partition 
v. Then the puzzle defined by the almost connected components of cylinders has 
the same entropy as T. More precisely, the coding jv defines an entropy- conjugacy 
between T and a Borel finite extension of Fy ■ 

To prove this, we use a common extension Xy x M of the puzzle and of T defined 

as: 

K M = {(w, x) e X M : Vn > a; e w„} 

endowed with the map Fy k T which is just the restriction of the direct product. Let 
TTi, resp. TT2: bc the projection Xy ix M Xy, resp. Xy tx Af ^ M. 

• We claim that Fy k T and T are entropy-conjugate. Observe that, the partition 
being good for T, no point returns infinitely many times to dP. Hence dP has zero 
measure w.r.t. any T-invariant probability measure. The same is true for 7r^^(9P). 
Hence (v, x) ^-^ x is an isomorphism w.r.t. any invariant probability measure, proving 
the claim. In particular, htop{Fy \k T) — htop{T) by the variational principle. 

• We claim that Fy x T and Fy are entropy-conjugate, perhaps after replacing the 
latter Fy by a Borel finite extension. As the extension is continuous and compact, 
any invariant probability measure of Fy can be lifted to Fy x T. We have to show 
that, given a large entropy measure of Fy (1) there are only finitely many ergodic 
lifts fi; (2) for each such fi, tti : {Xy x M,fi) (Xy,7ri/i) is a finite extension. 

We first prove point (2) . We can assume /t to be an arbitrary Fy x T-invariant and 
ergodic probability measure with /i(i^yxT,/i) = h{T,TT2fi) > h'^~^{T). Let /i = {^2)*^. 
and v = (tti)*/!. /i is a T-invariant ergodic measure satisfying h{T^n) > h'^~^{T). By 
[9] this implies that /i has only strictly positive Lyapunov exponents, hence, by |10j . 
TTi : {Xy K M, jl) {Xy, v) is a finite extension. This proves point (2). 

We prove point (1) following [10] . Assume by contradiction that there exists in- 
finitely many distinct ergodic lifts fii,fi2,--- of some ergodic and invariant probability 
measure /i of Fy. We can assume that /i„ converges to some fl^. As 1^2 is continuous, 
/i* is also a lift of /j, and so are almost all of its ergodic components. They project 
on M to ergodic invariant probability measures with positive Lyapunov exponents. 
As explained in |10j . this implies that for each such ergodic component for P-a.e. 
{v, x), there exists a ball B around x in the fiber which contains no generic point wrt 
any measure distinct from j>. It follows that there are only countably (or finitely) 
many ergodic components. Thus, there exists an ergodic component of /i*, such that 
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the union of these fibered neighborhood has positive /i^-measure. Hence it has posi- 
tive measure for /i„ for n large. But this iniphes that /i„ = fi^, a, contradiction. Point 
(1) is proven and the claim follows. 

The above two claims prove the lemma. 

8.3. Constraint entropy. — Before proving Proposition lS.ll which will implv claim 
2 of Theorem[8l we give a geometric necessary condition for the irreducibility of puzzle 
pieces. 

Lemma 8.5. — Let (V,i,f) be a puzzle generated by the almost connected compo- 
nents of the cylinders of a partition V . 

Let V &V and let A be the unique the element of V containing v, 

J{v)ndT{A) = 9 =^ V is f -reducible. 

Proof: Assume f{v) n dT{A) — $. v is an almost connected component of yl n 
T~^(/(w)) ~ {T\A)^^{f{v)). By the assumption, this last set is uniformly homeo- 
morphic to f{v), hence is almost connected. Therefore it is equal to v. 

This shows that v is uniquely determined by f{v) and A = ii{v) (a fortiori i{v)), 
verifying condition (2) of reducibility. 

Consider now (*) / : Ti{v) %{f{v)). Observe that for any w £ Ti{f{v)), 
w C f{v). Hence, wH dT{A) = 0. The reasoning for the uniqueness of v shows that 
the map (*) is one-to-one: f{u) = f{u') implies that T{u) and T(ii') are both almost 
connected subsets of f{u) = f{u'), so they must be equal. 

For w e Ti{f{v)), u = {T\AY'^{w) £ %{v) satisfies w = f{u). Hence the map (*) 
is onto and therefore an isomorphism, proving condition (1) of reducibility. □ 

Proof of Proposition I8.lt Let r > and e > 0. Let S]„ be an arbitrary (r, n)- 
separated subset of C„, the set of irreducible pieces of order n. Recall that there exists 
some L = L{r), such that, for all n > L, x,x' € Vn are (r, n)-separated then there 
exists some < k < n — L such that {f'^x)L 7^ 

We are going to bound the cardinality of E„ by e^ht^^^T,dV)+h„,MT,P)+2c)n ^ 
Let /9 > be smaller than the distance between any two almost connected com- 
ponent of any L-cylinder (there are only finitely many of them, L being fixed, and 
the distance between any two of them is positive as we are considering almost con- 
nected components). For all integers n large enough, mult('P") < e^''""'"'-^'^'^'^)" and 
r{p/2,n,dV) < e(''top(T,a-p)-H.)n^ 

Let Sn be a minimum {p/2, n)-spanning subset of dP. To every v £ S„, associate 
a point X = x{v) G 5'„ such that d{T^v, T'^x) < p/2 for allO < k < n [T^v is a subset 
of M). This is possible since v fl dP 7^ by Lemma [8.51 

The map a; : ^ 5„ is at most (#Vl)^ •e(''»""('^'-^)+')"-to-l. Indeed, assume that 
there exists x £ Sn with more than this number of pre-images. We can find a set of 
g{h^uH{T,P)+e)n pre-images, ah with the same ((/'=w')i)"-i<fc<n- As e(^»""(^'^)+<^)" > 
mult(7-'"), two of these, say v and v' , must almost connected components of the same 
n, P-cylinder. But then d{T''v,T^v') < d{T''v,T^x) + d{T^x,T^v') < p implies 
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{f^'v')L — {f''v)L for all < fc < n — L, contradicting the separation assumption. 
Therefore #S„ < {Wl)^ ■ e(''">""(^'^)+^)"#S'„ and 

{T,P) + 2e, 

with arbitrary e > 0, proving the claim. □ 

8.4. Determinacy. — We turn to determinacy. The delicate point here is that it 
is possible (though exceptional) that u u in the absence of the geometric property 
of Lemma 18.51 because of the following phenomenon. 

A puzzle piece v €V is trivial if there exists k > 1 such that for every w € Ti{v), 

(31) w n T(ap'=) 7^ 0. 

The trivial subset of V is the smallest subset V'^ of the puzzle such that: 

— contains all trivial pieces; 

- if fiv) e V° then v e 

Observe that equipped with the restrictions of z and / is a puzzle as f{V\V'^) C 

V\V° (by definition) and i(V \V°)cV\V° (as %{i{v)) D %{v)). 

Lemma 8.6. — Let (V, i, /) be the puzzle defined by a dynamical system T : M M 
as in Proposition \8.1\ The non trivial puzzle V :— V \ V'^ is determined. 

Assume additionally that hc{V) < htop{V). Then the obvious injection i : Xv> — > 
Xv is an entropy- conjugacy and the approximate periodic points of the two systems 
satisfy the estimate i30\) of Theorem\% 

ViV > 1 limsup-log#{e e iN{Xv)\iN{Xv') ■ = O < hc{V). 

n — >oo ^ 

Proof: To prove the determinacy, we consider v,v',w G V such that ii{v) = 
ii{v') =: A G P and v,v' w. Assume by contradiction that v ^ v' . TjA is a home- 
omorphism hence w, v' are disjoint almost connected components of (T\A)~^{^Ar\vS). 
v,v' yf w implies that: 

{f{u) : u e %{v)} = {f(u') : u' G %{v')} = %{w). 

Hence, every t G Ti{w) is an almost connected set containing both disjoint sets T{v) 
and T(v'). Therefore t n dT{v) ^ 0, so that t n r(a7'l"l) ^ 0. Thus w is trivial, the 
sought-for contradiction. 

We now let /i be an ergodic iV-invariant probability measure such that, for some 
V G /i([w]v) > 0. By invariance of /i, /i([w]y) > for a trivial w = f'^{v) with 
< n < |t;|. Now, x G [w\v implies that x\w\ — w and Xn^T{dP^) ^ for all n > \w\ 
and some fixed, minimal £ > 0. Therefore t := Fy{x) satisfies t„i fl T{dP) for all 
m>\w\ — The reasoning in the proof of Proposition 18.11 implies: 

KFv,^Ji) < htop{Fv, [w]v) < hciV) < hopiV), 

proving the entropy-conjugacy. 

Consider now some periodic sequence ^ G iN{Xv) \ iN{Xv'). Hence ^ = lAr(x) 
with Xjn G V*^ for some m > 0. Thus f"{xm) is trivial. We may assume n = by 
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shifting to another point of the same periodic orbit). Therefore Xp n T{dV^) ^ for 
some k and aU p > m. As above, it foUows that f-'{xp+j) n TdV / for all p > m 
and some j which can be assumed to be fixed and then 0. The claimed bound on the 
number of periodic points follows. □ 



8.5. W-local Entropy. — We prove the third point of Theorem [8l 

Lemma 8.7. — If V is a *-QFT puzzle which is determined then, for all invariant 
and ergodic probability measures pL on Xy with h(Fv,fJ-) > hc{V), 

h{Fv,fJ.) = h{Fv,^J,,e*) 

So in particular, h^\oc{V) — 0. 

Proof: Any ergodic invariant probability measure on Xy with entropy > hc{V) can 
be lifted to an isomorphic fi on by Theorem[TJ h{a~^,jl) = h{(j,jl) — h{Fv,iJL) 

can be bounded by the growth rate of the number paths on T) ending at any fixed 
vertex e I? with /t([w]s(X')) > 0. But those paths are uniquely determined by 
their ii-projection as V is determined (Lemma 15. ip . Thus, h{Fv,fJ.) = h(a,ii{^)) = 
h{Fv,piM2). □ 



Corollary 8.8. — Let V be a *-QFT puzzle with a subpuzzle V which is determined. 
Assume that the inclusion Xy' — > Xy is a conjugacy with respect to all ergodic in- 
variant probability measures with entropy > hc{V). Then /iwioc(V') — 0. 

Proof: By the previous lemma, ft.wioc(^') = 0. Let us see that this property carries 
over to V. 

Let be an ergodic invariant probability measure of Xy with h{Fy,ii) > hc{V). 
Hence, it can be identified to an invariant measure ^' of Fy. Therefore h{Fyi , /i') = 
h{a,iN{fJ'')) for some integer TV > 1. But V' C V hence one can define almost 
everywhere zat : Xy iN{Xv') and check that iN{lj) and iNifJ^') are isomorphic so 
that h[Fy , pi) — h{a,iiq{f')), proving the claim. □ 



A 

Varying Radius of Meromorphy 

Definition A.l. — Denote by M(/) the radius of meromorphy of a formal power 
series f . It is zero if the radius of convergence of f , p{f), is zero. Otherwise it is the 
supremum of the radiuses r of the disks D{r) centered at zero for which there exists 
a rational function F{z) such that f{z)/F{z) can be extended to a holomorphic and 
non-zero function on D{r). 

Fact A. 2. — There exists a countable oriented SPR graph G ^ a,b such that M(C^) ^ 
M(C,«). 



We found this example after an illuminating discussion with O. Sarig. 
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Before giving our construction, we recall some basic tools. The main tool here is 
the notion of a loop graph (or petal graph in the terminology of B. Gurevic). These 
graphs have a distinguished vertex and an arbitrary number of first return loopsllfll 
of each length based at the distinguished vertex, but distinct first return loops are 
disjoint except for the distinguished vertex. Such graphs are completely described by 
their first return series f{z) := X]n>i fn^" where /„ is the number of first return 
loops of length n (based at the distinguished vertex). It is well-known that the local 
zeta function at the distinguished vertex is 

where is the number of loops of length n based at the distinguished verte?!^. 

We now give the construction. We consider two disjoint loop graphs defined by 
first return series a{z) :— J2n>i ^nZ^ and b{z) := X]n>i ^n^"- We call their respective 
distinguished vertices a and b. 

We define a new graph G by taking the disjoint union of: 

— the two preceding loop graphs; 

— a set of disjoint paths from a to 5 described by a series s{z) := X)n>i Snz"" (there 
are Sn simple paths of length n from a to 6 and these are disjoint); 

— a set of simple paths (i.e., injective as maps) from 6 to o described by a series 

tiz) ■■=En>ltnZ\ 

Claim A. 3. — The first return series of G at a is: 

^ / s S{z)t{z) 

a(z).a(z) + AM_;. 

Indeed, any first return loop at a in G is exactly in one of the following classes: 

— the first return loops in the loop graph a; 

— the concatenations of a transition from a to 6, a (not necessarily first return) 
loop at 6, a transition from b to a. 

Fix b{z) = 2z^ (so the associated Markov shift is the set of all infinite concatena- 
tions of the two words of length 2, say 60 and 61). 
Let t{z) := J2n>i '^nz"' = s{z)t{z). We arrange it so: 

— To = Ti = 0, T„ = or 1; 

— I^l = 1 is the natural boundary of r. 

By the Polya-Carlson theorem |32j . the last condition is equivalent to t„ not being 
eventually periodic. This can be obtained by taking {n : s„ = 1} and {n : i„ = 1} to 
be disjoint subsets of 2, 2^, 2^, . . . satisfying the aperiodic condition above. It follows 
that q{z) := r(z)/(l — 6(z)) satisfies: 
1. go = 0, < Qn < 2"/2+i < 5" 



'^^That is, sequences vo — vi ■ ■ ■ — ►■^'> v„ where the vertices Vi's and edges e^'s are distinct 
except for dq = fn which is the distinguished vertex. 

These loops may go several times through the distinguished vertex. 
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2. \z\ — \ is the natural boundary of q. 

Now, set ao = and, for rt > 1: a„ := 5" — (/„ > 0. We have: a„ = a„ + = 5" for 
n > 1, So = 0. Hence a{z) = 5z/(l — bz) and 

^ ^ l-a(z) 1-lOz 
is a rational function. In particular, M(^^) = oo. On the other hand. 



T Z 



h{z) = + = 2z^ + ^ = ^ 2z 



{l-2z^)q{z) , (l-2z2)(i_5z) 



l-a(z) l__5|_ + g(;^) 1 + (1 - 10z)Mz) 

Therefore (^) = 1/(1 - &(^)) has meromorphy radius: M(C^) = M(6) = M(g) = 1 
and 

M(Cf ) < M(C^) 

as claimed. 

Observe that h{G) — log 10 and hoo{G) = log 5. Hence hoo{G) < h{G) and G is 
SPR as claimed, finishing the construction. 



B 

Good Partitions for Almost All Couplings 

We consider the following, convenient family of coupled maps. For (a, 6, c) e M'^, 
we let 

Fa,bAx. V) - {a{l - 4x2) + cy2 - 6(1 - V) + ex" - ^ . 

For (a, 6, c) e 17 = {(a, 6, c) e (0,1)^ : c < 4 - 4 max(a, 6)}, Fa,bAQ) ^ Q for 
Q := 5]^- There is a natural partition P into four elements: 

Q,,,,, := {(x, y)eQ:£ix> 0, eay > 0} (ei, £2) e {-1, 1}^ 

according to the signs of x and y. Most of the properties of a good partition are 
obvious for this convenient family: 

Indeed, Fa^b,c\Qei.e2 is obviously one-to-one. The boundary of the partition is: 

dV = [-1/2, 1/2] X {0} U {0} X [-1/2, 1/2] U dQ. 

dV is obviously the image of a compact subset of M by a C°° map. The semi-algebraic 
nature of both Fa,b,c and dV implies that each cylinder has indeed finitely many 
connected components and therefore finitely many almost connected components. 

To conclude, we show that, after discarding countably many hypersurfaces in the 
parameter space, there is a constant such that: 

(32) V(x, y) e Q #{fc > : F^^.Jx, y) £ OP} < 2. 

We prove that for each < n < m, there exists a hypersurface containing all the 
parameters (a, 5, c) such F^^^ ^(x, 0) and ^(x, 0) are both in {0} x [—1/2, 1/2] for 
some X e [—1/2, 1/2]. The cases involving other pieces of dV are similar and together 
they imply eq. p2|) . 
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Observe that F^,^ ,.{x,0) G {0} x [-1/2, 1/2] is equivalent to 

for some polynomials in x whose coefficients are themselves polynomials in a, b, c. 

The degrees of Pn.a.b,c and Pm.a.b,c arc fixed, say p and q, outside of an algebraic 
hypersurface . Hence the parameters we arc considering are such that the {p + q) x 
{p + q) resultant of the two polynomials PnM,b,c and Pm,a,b,c is zero: these parameters 
satisfy a polynomial equation. This equation is not trivial as it is not satisfied for 
a = b = 1, c = 0. Indeed, i^i,i,o(x, y) = (5 — 4x^, 5 — 4y^) so the x-coordinate can take 
the value only once in an orbit (the subsequent values are then 1/2,-1/2,-1/2,...). 
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